Abstract For a smooth, closed n-manifold M , we define an upper semi-continuous integer-valued complexity function on H 1 (M; R) using Morse theory. This measures how far an integral class is from being a fiber of a fibration. The fact complexity minimisers are open generalises Tischler's result on the openness of classes dual to fibrations. We then use this to define a complexity function on 1-dimensional cohomology of a finitely presented group, which is constant on open rays from the origin and vanishes precisely on the geometric invariant due to Bieri, Neumann and Strebel.
Introduction
This work has its origin in a desire to exhibit extra structure in the non-fibred faces of the unit norm ball of the Thurston norm on first homology of a 3-manifold (see [14] ). However, our constructions are more general. To keep the discussion brief, we restrict ourselves to closed manifolds and finitely presented groups in this note. Throughout this paper we regard 0 as a natural number in N and manifolds are smooth. Then m(ψ) = 0 if and only if ψ is represented by a non-singular closed 1-form. It follows from work of Tischler [15] (see Fried [5, Theorem 1] ) that the set of cohomology classes of non-singular closed 1-forms is an open cone in H 1 (M; IR) \ {0}, which is non-empty if and only if there is an integral class represented by a codimension-1 manifold that is a fiber of a fibration of M over S 1 . In Section 3, we define an analogous complexity function, called the tropical rank, for a finitely presented group G by considering all manifolds with fundamental group isomorphic to G. We then re-interpret this function using HNN decompositions of G and relate it to the geometric invariant Σ(G) due to Bieri, Neumann and Strebel. To state the properties of this function, let S(G) be the set of equivalence classes of non-trivial homomorphisms ϕ : G → IR, where two such homomorphisms are equivalent if they are positive scalar multiples of each other. If ϕ(G) is discrete, then rank [ϕ] is roughly the minimum number of generators that must be added to the amalgamating subgroup A to obtain B in an HNN extension G ∼ = B * A corresponding to ϕ . Moreover, for rational classes Most of the results in this paper are known. However we have collected those results that seem most relevant to low dimensional topology and geometric group theory with a view to providing a concise source. Our focus is on handles in manifolds and generators for groups rather than Novikov homology, and is more in the spirit of the Thurston norm and BNS invariant. We end this introduction by discussing open questions about the special case of 3-manifolds.
Suppose M is a closed, orientable 3-manifold. There is a natural identification S(M) = S(π 1 (M)). The first Morse rank on S(M) gives an upper bound on the tropical rank on S(π 1 (M)), and we do not know if this is always an equality. Thurston [14] defined a semi-norm on H 1 (M; IR). Each primitive class c ∈ H 1 (M; Z Z) can be represented by an embedded, orientable surface F ⊂ M. If F is connected, define χ − (F) = max{0, −χ(F)}, and otherwise χ − (F) = ∑ χ − (F i ), where the sum ranges over its connected components. Then the semi-norm of c is the infimum of χ − (F) taken over all surfaces F representing c. Thurston showed that the unit ball of this semi-norm is a finite sided polytope, and that the complexity zero classes correspond to the interiors of top-dimensional faces of this polytope, called the fibered faces. In particular, the set of cohomology classes of non-singular integral classes has image that is dense in an open polyhedral subset of S(M). Apart from this, we do not know how the first Morse rank and the tropical rank are related to the polyhedral structure of the Thurston norm ball.
Manifolds
Let M be a closed n-manifold. We show that elements of H 1 (M; R) are represented by Morse 1-forms. This is used to define a complexity taking values in N n+1 (using lexicograhic order) for a first cohomology class. Nearby cohomology classes are represented by nearby Morse 1-forms with the same singularities. This implies the set of classes with complexity less than some value is open. We then relate this complexity to handle decompositions of M and the Novikov numbers of M. The notation and terminology in this section follows Farber [4] , and most of the results are surely known to the experts.
The Morse complexity
Let M be a closed, n-manifold. A smooth function f : M −→ R is Morse if at every critical point of f the Hessian d 2 f is non-singular. This Hessian is a quadratic form Instead of minimising the whole complexity vector, one may also be interested in minimising any one of its component functions. For ξ ∈ H 1 (M; IR), the i-th Morse rank is m-rank i (ξ ) = min 
Are there examples, where the functions m-rank 0 and m-rank n are not trivial?
which is preserved by translations, and therefore is the pullback of a closed 1-form ω L on T k . Since there are no singularities, m-rank 1 vanishes identically.
Example 8
There are manifolds M with the property that m-rank 1 : S(M) → N does not vanish identically but is zero on a dense set; for instance 3-manifolds with each face of the Thurston norm ball a fibred face, such as (zero-framed surgery on) the complements of the Whitehead link or the Borromean rings (see [14] ).
Example 9 (Surfaces) Let F be a surface of genus g ≥ 1, and ξ ∈ H 1 (F, Z Z) be a non-trivial primitive element. Then ξ is dual to a circle valued Morse function F → S 1 with no critical points of indices 0 or 2. Since critical points of index 1 can only be cancelled against those of index 0 or 2, the Euler characteristic of F implies m(ξ ) = (0, 2g − 2, 0) and m-rank 1 (ξ ) = 2g − 2.
Proofs of Theorem 1 and Proposition 4
Endow M with a Riemannian metric. We let
is called an open ball, then it is understood that r is chosen such that B(x; r) is diffeomorphic to int B n ⊂ IR n . This condition holds for r sufficiently small. At each x ∈ M, we have a well-defined real number,
arising from the inner product at x. We have || ω || x = 0 if and only if x is a zero of ω. Proof We must show that given ε > 0 and a closed 1-form ω, there is a Morse 1-form, η, such that 
Since ψ is closed and 3B is a ball, integrating ψ along paths starting at the base point gives a smooth function g : 3B −→ R with d g = ψ on 3B. Since Morse functions are dense in C ∞ (int(B n )), there is a Morse function h : 3B −→ R with sup |g − h| < µ/3K and || d(g − h)|| < µ/3.
Putting this together, f is Morse on the subset of 3B contained in C ∪V ∪ (U \V ) = C ∪U = B ∪U .
Observe that ψ and d f are equal on 3B \ 2B. Thus we may define ψ 1 to be ψ on M \ 2B and d f on 3B. Then ψ 1 is Morse on 3B ∩ (B ∪U) because ψ 1 = d f there. It is Morse on U \ 2B because it is ψ there. Hence ψ 1 is Morse on U ∪ B as required.
The next result implies that nearby homology classes are represented by nearby 1-forms.
Lemma 11
If M is a closed Riemannian manifold and ε > 0, there is a neighbourhood U ⊂ H 1 (M; R) of 0 with the property that for every φ ∈ U, there is a closed 1-form η with [η] = φ and ||η|| < ε .
Proof We first prove the result for the k-torus T k = V /Z k , where V = R k . As noted in Example 7, a linear map L ∈ V * gives an exact 1-form d L on R k , which is preserved by translations, and therefore is the pullback of a closed 1- Let U ⊂ H 1 (M; R) be the neighbourhood of 0 given by Lemma 11. Given α ∈ U there is a closed 1-form φ representing α with ||φ || < ε . By Theorem 10 we may assume φ is Morse.
Since ||φ || < δ all the zeros of η = ω + φ are contained in A. Below we construct a Morse 1-form
To construct η ′ we modify η in B = B i ⊂ 3B i = 3B as follows. There are smooth functions f , g :
Then h = g on B and h = f on 3B \ 2B. A calculation as in the proof of Theorem 10 shows h is Morse and with one singular point at z i . Define η ′ to be η in M \ 2B and d h in 3B. On the overlap 3B \ 2B these are both η , and η = ω on B. Since the balls 3B i are pairwise disjoint these modifications can be done independently.
Proofs of Theorem 1 and Proposition 4
The statements follows directly from the local stability result (Lemma 12) together with the following two facts. First, the topology on S(M) induced by the norm agrees with the usual topology. Second, for each class ξ ∈ H 1 (M; IR), one may choose a representative ω 1 with the property that m(ω 1 ) = m(ξ ), and a representative ω 2 with the property that m-rank i (ω 2 ) = m-rank i (ξ ).
The i-th handle rank of a rational class
There is a topological description of the Morse complexity and the Morse ranks for rational classes. 
to be the handle complexity and i th handle rank of ξ respectively.
Lemma 13
Suppose M is a smooth closed oriented manifold. For each primitive class ξ ∈ H 1 (M; Z Z), we have h(ξ ) = m(ξ ) and h-rank i (ξ ) = m-rank i (ξ ).
Proof This follows from the well-known correspondence between Morse functions on M and cobordisms associated to regular level sets (see [10] , [11] ).
Remark 14
The group rank, which is defined below, gives a lower bound on the first handle rank, and hence on the first Morse rank (see Remark 20).
Lower bounds from Novikov numbers
For every first cohomology class ξ ∈ H 1 (M; IR) and every k ∈ N, there is a Novikov Betti number b k (ξ ) and a Novikov torsion number q k (ξ ) (see [4] , §1.5 for three equivalent definitions). For ξ = 0, b k (ξ ) is the usual k th Betti number of M and q k (ξ ) is the minimal number of generators of the torsion subgroup of H k (M; Z Z). For general ξ , the ring Z Z is replaced with a local system of modules over a fancier ring. The Novikov inequalities (see [4] , §2.3) state that
Moreover, b 0 (ξ ) = 0 = q 0 (ξ ), so the relationship is particularly nice when k = 1:
We call a function f : gives a family of closed 3-manifolds X n , which are obtained as the connected sum of S 2 × S 1 and the 0-surgery on the connected sum of n trefoil knots, and satisfy H 1 (X n ; Z Z) ∼ = Z Z 2 . Moreover, the generator ξ supported by the S 2 × S 1 summand has the property that every Morse closed 1-form representing it has at least n zeros of index 1. This is established using inequalities arising from a ring, which is more elaborate than the Novikov ring (see [4] , Theorem 3.6).
Groups
Let G be a finitely presented group, and S(G) be the set of equivalence classes of non-trivial homo- Proposition 17 The tropical rank is upper semi-continuous and has bounded image.
The word tropical alludes to the fact that this rank gives information on the complement of the BieriNeumann-Strebel invariant [1] -this complement was characterised by Brown [3] using group theoretic valuations, and hence can be viewed as a tropical set.
The above proposition gives the first part of Theorem 3. The remaining parts concern rational classes and follow from the equality of Morse rank and handle rank (Lemma 13) together with the equality of handle rank and a group rank defined using HNN extensions (Lemma 19), fundamental facts from [1] (summarised in Lemma 18) and an application of Magnus rewriting (Lemma 22).
The Bieri-Neumann-Strebel invariant and HNN extensions
We now define the Bieri-Neumann-Strebel invariant Σ(G). Choose a finite generating set for G and denote G the corresponding Cayley graph, with the convention that G acts from the left on this graph. Given the non-trivial homomorphism ϕ : G → IR, define a G-equivariant mapφ : G → IR by sending vertices to their images under ϕ and extending linearly over edges. Denote G ϕ the maximal subgraph of G contained inφ −1 (−∞, 0]. It turns out that the connectedness of G ϕ is independent of the representative of [ϕ] and the generating set for G. Define Σ(G) ⊆ S(G) to be the set of precisely those [ϕ] for which G ϕ is connected. 1 It is shown in [1] 
that Σ(G) is an open subset of S(G).
If the non-trivial homomorphism ϕ : G → IR has discrete (and hence cyclic) image, then it is a positive scalar multiple of a unique epimorphism G ։ Z Z, and it is termed a discrete homomorphism. The point
rational points is dense in S(G).
Suppose G is a finitely presented group with epimorphism ϕ : G ։ Z Z. An associated HNN-extension of (G, ϕ) is (B, A,t, α), where:
and A ⊆ B ⊆ ker ϕ, both A and B are finitely generated, α : A → B is a monomorphism, and t ∈ G with ϕ(t) = 1. (A proof of this fact can be found in [2] ; we give an independent proof in §3. In [6] , the complexity of [ϕ] is defined as the minimal rank of the group A, where the minimum is taken over all HNN-extensions of G of the form (3.1), and this gives a measure analogous to the Thurston norm [14] . We will show that the tropical rank defines a complementary complexity, namely the minimal difference between A and B. This will be established through two alternative viewpoints-using HNN extensions and handle decompositions.
The group-rank
Suppose G is a finitely presented group with epimorphism ϕ : G ։ Z Z. For an associated HNN extension (3.1), define g-rank(B, A) to be the minimal number of elements one needs to add to A in order to generate B, i.e. g-rank(B, A) = min
where the minimum is taken over all HNN-extensions of G of the form (3.1).
The above stated facts from [1] concerning the Bieri-Neumann-Strebel invariant give the following characterisation of classes with trivial group rank:
Lemma 18 We have:
(1) g-rank(ϕ) = 0 if and only if [ϕ] ∈ Σ(G), and (2) g-rank(ϕ) = 0 and g-rank(−ϕ) = 0 if and only if ker ϕ is finitely generated.
The handle-rank
where the minimum is taken over all closed n-manifolds M with π 1 (M) = G, and where ξ is the image of ϕ under the canonical identification Hom(
We wish to compare the handle rank with the group rank. Note that the groups A and B in presentation (3.1) are not necessarily finitely presentable (according to the Higman embedding theorem they are recursively presentable). We work around this issue using "fake HNN-extensions" as follows.
Suppose G is a finitely presented group and ϕ : G ։ Z Z. There is a finite presentation of G of the form 
where π 1 (N) and π 1 (H) are finitely presented groups since both N and H are compact. Since π 1 (H) is finitely generated we only need the relations sα + (h)s −1 = α − (h) for a generating set. This gives a presentation in the form Lemma 19 h-rank(ϕ) = g-rank(ϕ)
Proof Each relative handle decomposition gives rise to a fake HNN-decomposition of the form (3.4). For any ϕ, there is a manifold M with relative handle decomposition (N, H − , H ) realising the minimum in (3.3). Using the above notation with
To prove h-rank(ϕ) ≤ g-rank(ϕ), build a 2-complex with fundamental group G as follows. Let G = t, B | tAt −1 = α(A) be an HNN-extension realising minimal group rank for ϕ. Choose finite generating sets {a i } for A and {a i , b j } for B such that |{b j }| = g-rank(ϕ). Since G is a finitely presentable group and generated by {t, a i , b j }, there is a finite presentation of G with these generators and of the form
Given the finite presentation, we let C be the free group in {a i } and D be the group 
and it follows from [13, Lemma 6.15] (and the remark after that lemma), that no additional 1-handles are needed. Moreover, W − is connected as a consequence of the chosen embedding of Y 2 into IR 6 , and it is non-separating due to the presentation of the fundamental group. Hence we have shown that h-rank(ϕ) ≤ g-rank(ϕ).
Remark 20 If Γ = π 1 (M) and ϕ corresponds to ξ , then g-rank(ϕ) ≤ h-rank 1 (ξ ), giving another lower bound for Morse rank. 
Consequences for the tropical rank
Recall that if ϕ : G → IR is discrete, then ϕ(G) is infinite cyclic, and hence there is a unique r ∈ IR + such that rϕ : G ։ Z Z. It follows from Lemmata Proof We first address the general case. As in the proof of Lemma 19, we can construct a closed manifold M with a handle decomposition having exactly n 1-handles in its handle decomposition. We can define a Morse 1-form on M dual to this handle decomposition (see [10] , [11] ). This has exactly n critical points of index 1. The local stability result Lemma 12 implies that this is a universal bound on the number of critical points of index 1 of every Morse 1-form on M. 
Question 23 Is the tropical rank a polyhedral function?
Remark 24 The definition of tropical rank took into account only the 1-handles (generators) since in general, the groups arising in an HNN extension are finitely generated but not necessarily finitely presented. For groups with the property that every finitely generated subgroup is finitely presented, one can also take into account the 2-handles (relators), giving a finer N 2 -valued complexity, for which one can define analogous N 2 -valued group and handle ranks, which agree with it on rational classes.
